A finite element formulation for the large displacement analysis of three-dimensional solid beams is proposed. It is based on the degeneration approach: the governing equations for a general solid are directly discretized. The assumptions of the Timoshenko beam theory are implemented in the discretization process by devising a 9-node beam element and utilizing the penalty method. The shear stiffness is adjusted by introducing two shear correction factors into the constitutive equations. The formulation is quite simple and straightforward, mainly because rotations are excluded from nodal variables. Several example problems are solved to demonstrate the validity of the present formulation.
INTRODUCTION
A three-dimensional beam formulation is not a simple extension of a two-dimensional formulation, since finite rotations that are not vector quantities must be accounted for in the three-dimensional analysis. Therefore, various techniques such as Euler angles and Rodrigues parameters have been devised: detailed description of this, issue is available elsewhere1 ' 2) . Because of the complexity of dealing with finite rotations, various large displacement formulations/theories for three-dimensional beam analysis have been proposed, some of which are listed at the end of this paper3"17. Although they differ from each other, all the beam elements based on those formulations do possess rotations as nodal variables. At the current stage of development, a rigorous treatment of finite rotations is certainly possible, but such a class of formulation still appears to be rather involved and complicated inevitably.
Kanok-Nukulchai et al. 's have proposed a simple large deformation formulation for shell analysis. They have employed the degeneration approach, which directly discretizes the three-dimensional field equations for a general solid, and eliminated rotations from nodal variables of their shell element by introducing relative displacements. The simplicity of the formulation stems from the fact that no complicated treatment of finite rotations is needed. The same strategy has been taken successfully for the nonlinear analysis of two-dimensional beamsl9), 20) The objective of the present research is to propose a simple yet accurate finite element formulation for the large displacement analysis of three-dimensional solid beams. To this end, we employ the degeneration approach and exclude rotations from nodal variables, so that the formulation is free from the difficulties associated with finite rotations. Only elastic beams are dealt with in the present study. The extension to an inelastic case is, however, straightforward, as we have already done in two-dimensional beam analysis20.
FORMULATION
We utilize two sets of coordinate systems in the present formulation: spatial coordinates and material coordinates21. In what follows, x, y and z denote the former while X, Y and Z the latter. The tensor notation is also employed in the present description, so that we may use xl and X I to represent spatial coordinates and material coordinates, respectively. Furthermore, we let the lower-case and upper-case II(I65s) subscripts designate the association with the spatial and material coordinate systems, respectively. We set the X (X1)-axis passing through the centroid of every cross-section of a beam, as is shown in Fig. 1 .
We resort to the total Lagrangian formulation in the present study22. Therefore, the description would be in terms of the 2nd Piola-Kirchhoff stress SIj and the Green strain E1.
(1) Beam assumptions
The solid beams we consider in the present study are classified as the Timoshenko beam23. Namely, we employ the following beam assumptions: a) cross sections do not deform; b) plane cross-sections remain plane after deformation; and c) only three stress components are significant.
Using the Green strain components, we can mathematically express Assumption a) as
Eyy=EZZ=Eyz=O
(1) Assumption b) is implemented by devising a new finite element, the details of which we shall describe in the subsequent section.
To be specific, Assumption c) means
The remaining stress components Sy,. SXy and SXZ are related to the three nontrivial strain components Ey. EXy and EXZ, respectively, through Young's modulus E and the shear modulus G. Because of Assumption b), the shear correction factors (shear coefficients) need be introduced into the constitutive relations. This issue will be discussed later in the section 2. (3).
(2) Beam element
The beam element used in this study evolves from a 12-node three-dimensional isoparametric solid element. These two elements are illustrated in Fig. 2 . The beam element consists of nine nodes: three reference nodes on the beam axis (Nodes 1 to 3) and six relative nodes on the beam surface (Nodes 4 to 9). The present beam element has only three nodes on a cross section, while the original solid element has four: we have eliminated one node so as to keep a plane cross-section plane, thus implementing Assumption b).
We assign three displacement components to each of the reference nodes as nodal variables while we assign to each relative node three components of the relative displacement with respect to the reference node located on the same cross-section. No rotations are involved explicitly and the relative displacements can be viewed as substitutes for them. Thus all the nodal variables are vector quantities in the present beam element. Consequently, the complexity due to finite rotations in the conventional beam elements is not an issue here at all.
We describe geometry of the beam element by a set of natural curvilinear coordinates (r, s, t), each of which has the range of -1 to 1, i. e. -1 < r, s, t < 1. The displacement vector u3 of a point at (r, s, t) in a beam element can be expressed in terms of nodal variables as u 1 = ; Nu (r, s, t)U7 (3) where UO denotes the absolute displacement vector at Node "a" for a =1 3 and the relative displacement vector at Node "a" for a = 4 9. The shape function x; = Na (r, s, t)Xa (6) where X with a =1 3 is the position vector of a reference node while Xi" with a = 4-9 is the relative position vector of a relative node with respect to the reference node located on the same crosssection.
(3) Shear correction factors Assumption b) implies constant shear strain over a cross section when a beam undergoes bending behavior. This simplifies analysis, however the predicted deformation appears to be slightly different from a real state. To overcome this problem, a shear correction factor has been introduced in the Timoshenko beam theory23) ' 24) Assumption b) suppresses the warping of a cross section and tends to overestimate the torsional rigidity25). In fact, the assumption leads to the torsional constant equal to the polar moment of inertia. The adjustment of the torsional rigidity is therefore required, which will be achieved in the present study by introducing another shear correction factor into the stress-strain relationships.
Consequently, the constitutive equations are assumed to take the following form in the present formulation: SXX = EEXX SXY = 2 aGE,+ 2 /FEW SXZ= 2 aGEXZ + 2/KEW (7) where a and /3 are the shear correction factors. The superscripts EY and OY indicate the even part and the odd part with respect to the Y -axis, respectively.
To be specific, Ef and E at a point (X, Y, Z) in an element are defined as
Likewise, we define EXZ and EXZ as
Since the even part and the odd part of the shear strain are related to bending deformation and torsional deformation respectively, the shear correction factor a is associated with the deflection due to shear deformation while the other shear correction factor /3 with the torsional rigidity. The value of a can be determined by the shape of the cross section whereas the value of /3 takes the ratio of the torsional constant to the polar moment of inertia.
(4) Governing discretized equations The boundary value problem that we are to solve is defined by the following equations together with Eq. 
where 6EIJ, and k are the virtual strain, the virtual displacement and the penalty number, respectively.
For we employ the same shape functions as those for u1, so that we have =aiweato> NQ 6U (15) where SUB is the nodal virtual displacement defined in the same way as U. Substituting Eq. (15) 
A")l=INX Ny Nz (24) bT -I bx by bzl (25) We evaluate Eqs. (18) and (19) (or, equivalently, Eqs. (20) and (21)) for each element, and then assemble all those individual element contributions. The summation symbol with a in Eq. (16) represents this assemblage procedure. Since the nodal virtual displacement is arbitrary, we end up with K-R=0 where K and R are the assemblage of Kb and R9, respectively.
Since Eq. (26) is a nonlinear algebraic system, we must have recourse to some numerical methods. In the present study, we utilize the Newton-Raphson technique, so that the following linearized equation is solved repeatedly until convergence is attained: (27) where the superscript (m) denotes the number of iterations. AU(m) is the iterative increment of the nodal displacement at the mth iteration. KT is the tangent stiffness matrix, which can be evaluated by taking the derivative of K with respect to the nodal displacement U.
To that end, consistent linearizationi 8), 27) is performed and the tangent stiffness matrix is obtained for an element as =I Te (BD)1 DBadV+I Irje(O) A SAadV II (28) and I is the identity matrix.
NUMERICAL EXAMPLES
Numerical examples are solved to test the effectiveness of the proposed formulation. The Gauss scheme of 2 x 2 x 2 is employed for numerical integrations in the example problems. All the calculations are performed on Sun SPARCstation 2 using double precision, and the Euclidean norm of incremental displacements less than 10 9 times the current displacement norm is used as the condition for convergence. In the following presentation, we denote the free-end displacements in the x -, y -and zdirections by u, v and w, respectively, and we let I designate the moment of inertia of a cross section with respect to the minor axis.
(1) Cantilever beam under end load This is a well-known benchmark problem and depicted in Fig. 3 . The dimensions and material properties are assumed as: L =100 ; h =1; b =12 ; E = 2 x 106; and aG =1 x 106. Only a planar behavior in the x -y plane occurs, so that the value of /3 has no influence on the numerical results.
The effect of the penalty number k is explored first. To this end, the analysis of the cantilever using five beam elements is conducted for various values of k. The deflections at the free end are presented in Table 1 . We observe from the table that v converges as the value of k increases, and that 103 times Young's modulus E appears sufficiently large to achieve convergence. Hence, k =103 E is to be employed in the present study hereafter. The analytical solution of this problem by means of elliptic integrals is available28. We examine the performance of the proposed formulation against this analytical solution. The numerical results due to several discretizations are summarized in Table 2 . The values are clearly improved as the number of elements increases : the discrepancies of the results with 25 elements from the respective analytical solutions are all less than 0. 01 %. Even by five elements we have obtained the results within the difference of 1%, which seems good enough from a practical point of view. The load-displacement curve due to five elements is shown together with the reference solutions in Fig. 4 . As is known well, the critical load for the buckling of Column I is24) (31)
Since the shear modulus of Column II is small, the critical load reduces to24 (32) where A is the cross-sectional area. The moment of inertia of Column III varies and is defined by (33) 
Each column is discretized by five elements and analyzed. It is noted that with the present beam elements we can model the varying cross-section of Column III as it is. The load-displacement curves are drawn in Fig. 6 , which shows that the deflections in all the three cases increase very rapidly in the vicinity of the respective critical loads indicated by the dotted lines.
For Column I, the post-buckling behavior has been obtained analytically24. In Table 3 , the present numerical results are listed in comparison with the analytical solutions. Due to the initial slope, the numerical result overestimates the analytical value by about 3 % at P / Pcrl =1. 015. The discrepancy, however, diminishes quickly with the increase of the deflection; very good agreement is observed at the larger loads with the error much less than 1%. 
We analyze these beams, each of which is discretized by five elements, and depict the loadtransverse displacement relationships at the free end in Fig. 8 , in which the critical loads are indicated by dotted lines. In each beam, a sharp increase of the displacement is clearly observed, as the critical load is approached.
(4) Cantilever 45-degree bend under end load
We consider the cantilever 45-degree circular bend illustrated in Fig. 9 . The conditions are: R =100 ; E=1x107; G=0. 5x107; a=0. 8333; and /3 = 0. 843 8. The bend has been analyzed by many researchers5), 10)-14), 16), 17), but only Goto et al. 11) have described explicitly the value of the torsional constant as J = 0. 1406, from which the above value of /3 has been determined.
Using five elements, we analyze the bend and present the load-displacement curve together with the reference results in Fig. 10 . Table 4 provides a further comparison between the present results and those of Goto et al. 11) . Very good agreement is observed with the difference well below 1%.
CONCLUDING REMARKS
A finite element formulation for the large displacement analysis of three-dimensional solid beams is presented. Due to the employment of the degeneration approach and the avoidance of rotations in nodal variables, nonlinear continuum mechanics could be applied directly, and the shear correction factors have been implemented to make up for the restrictions imposed by the beam assumptions. The formulation thus established is simple and straightforward. Accurate results have been obtained in the numerical examples, confirming the validity of the present formulation. We hence believe that the proposed procedure can serve as an attractive basis for the large displacement analysis of threedimensional solid beams. 
